Abstract--.A new type of trtal solution which differs from the usual linear combination of approximating functtons is considered. It tn\olves modif>in p the approximating functions with "form functtons:" functtons contatmng undetermined parameters appeanng non-linearl). the proper choice of which provide a closer approxtmutton to the large local curvatures which appear in some non-hnear prohlems. In this paper the "form function" approximation is demonstrated for stead!-state solutions of the Dufhng equation This equation arises in the problem of non-linear \thration of buckled beams and plates. It is shown that the stability behavior of these steady-state solutions is so\erned by a Hill equation. It is found that the "form function'. approximation gives nottceabl! hettet-numertcal results than. for example. those giben by the harmonic balance method. The method also provides additional insight into the non-linear behavior. particularly in the IOU frequent\ response reyon.
I. INTRODUCTION
In applying the method of weighted residuals.
[l] e.g.. Galerkin's method, method of least squares. etc.. to non-linear structural mechanics problems. one must first assume a "trial" solution. Generally this trial solution is a linear combination of a set of approximating functions (multiplied by unknown coefficients). all of which satisfy the necessary constraints in the problem. Such a linear combination has the strong advantages of simplicity and existing formalism.
[ I] In certain problems. however. it can be inadequate numerically. One such example is a class of problems which exhibit large local curvatures in the dependent variable or variables. $ Solutions in these large curvature regions using a linear combination of approximating functions are often either poor (particularly derivatives of the solution. e.g.. stresses) or require adding many terms. usually requiring significant effort. There appears to be no systematic study in the literature of other types or combinations of approximating functions which might be useful for such problems.
In the present paper a type of trial solution is proposed which is both efficient in such situations (at least for the problems investigated to date) and useful in terms of gaining additional insight into the non-linear behavior. It involves modifying the usual trial solution with "form functions:" functions containing unknown parameters appearing non-linearly the proper choice of which approximate the desired local effects. Details are included in the following section.
The particular problem for which the method will be applied is the forced. [2. 3.41 . In the base of beams for the value ,? = 1. the axial load is the static buckling load while for i = 0. the axial load vanishes and for E_ > 1 the beam is vibrating in a post buckled state.
Note that two motions are physically possible in the post buckled case, a one-sided vibration about the buckled configuration and a dynamic snap-through. In its present form equation (1) pertains to the dynamic snap-through response.
The purpose of the present paper is to provide an alternative approach to the methods currently used for obtaining periodic solutions to the above equation. see [5. 6.7] , which is particularly useful both numerically and for gaining additional insight into the non-linear behavior. It is also pointed out later that this approach is useful for other similar non-linear problems.
II [9] uses this latter result in an "equivalent equation" approach. i.e.. an equivalent (auxiliary) differential equation for which a known exact periodic solution exists is defined and the difference between the two equations minimized. A more direct approach is considered here. We look for an approximate solution of the form 4(r) = ,j Gi(T; ki,. . . klj)ri(T) (3 where ri(t) are terms of the usual periodic approximation. generally trigonometric. The G(s can be thought of physically as "form functions." which are capable of reflecting local effects (e.g., large curvatures) in the approximation by proper adjustment of the as yet unknown parameters kij. In effect. the functions Gi improve the convergence of the series. Two questions arise. How are the functions Gi generated and once found do they represent an efficient approximation in the various approximation schemes. The first question is the more difficult from a theoretical viewpoint and is only partially answered in the present paper, while the second (and major thrust of the paper) is dealt with in detail in the following sections.
To demonstrate the generation of the G,'s. we consider the first term of the series (2) with G1 dependent on a single parameter k. Thus+
We further consider F(r), = Bcos UK. where B. (~1 are given. For this forcing function we chose t(r) = Acostor: A is an unknown amplitude. This is the usual lead term in the harmonic balance method. If equation (3) is substituted into equation (1) the following
The following integral. which is a measure of the error. is defined, ZRSCJ lnrw A necessary condition for J to be a minimum is that it satisfies the Euler equation, i.e., Substituting equations (4) and (5) into equation (6) Boundary conditions for G are
In addition to periodic&y of G. we expect (for the snap-through vibration) symmetry about 7 = 0. Ttl'2W. 7L!eJ. 3x:2to, 2ni0J. and ,f(r), g (7). . . . are functions to be determined. If the solution is expanded about the linear, natural frequency Q'JT( 1 -i.).t and further if B is assumed smalLthen
If equations (9)-(U) are substituted into equations (7). (8) and the results ordered in powers of q, the following boundary value problems in f(7). g (7) result (carrying the solution through two terms): The solution to equations ( 13) . ( 15) can be shown to be
With f'(5), LIP known, equations (14) . ( 
As discussed previously. what is ofinterest in the above arguments is not the perturbation solution per se. but the form of G(T. k). equation (19). G(r. k) will be used directly in equation (3) with k an unknown parameter to be determined by whatever approximation scheme is chosen. Since the full non-linear range is of interest. G(s. k) in the form of equation (19) will be replaced by a function with the same asymptotic behavior. Functions which suggest themselves are [l + ksin2 CM-' and for a limited range e-hbln'tJ;. The choice of function is now governed by its behavior for large non-linearities and such practical questions as ease of integrability in the approximating scheme. etc. For these reasons. e-'sln'i,'r will be used. Additional work is underway using asymptotic methods to establish further criteria for selecting the Gi's.
The form function G(7. k) = e-islnLc~J-has several interesting features. It has the capability ofintroducing large curvatures at ('17 = 0. TC. ~TC.. . shown by the Jacobian elliptic functions in the exact solution (free vibration case). see [8] . Large local curvatures can also be viewed as the appearance of higher harmonics. Note that although the approximation.
equation (3) . is a two parameter approximation it contains the higher harmonics and thus should provide better accuracy than the usual two term harmonic balance (for comparable numerical effort). Although G(7. k) is established formally only for y CC 1. the numerical results obtained indicate a much wider range of validity. The only exception to this is the low frequency forced response where the higher harmonics enter strongly.
[ lo] Here the approximation (3) yields good results in an averaged sense. i.e.. a-reasonably accurate amplitude frequency plot. but it does not capture ali of the response details. Additional terms of series (2) 
The weighting functions {. c'R/?k correspond to Galerkin's method, and the method of least squares respectively. Note that the non-linear appearance of k in equation (20) imposes limitations on the choice of weighting functions. Although alternatives to equations (22) (23) exist, these are used because of the resulting simplicity.
Substituting equation (20) into (21) and then (21) into equations (22). (23) the following coupled transcendental equations in A. k result -A{[w2(k+

1)-~(1 -i.)]z,(k)+ [to2(k-I)-~(1 -;.)]z,(k)} -B[zo(;)+zI (;)I = 0 (24) +[~~2(;-&$)+~(l->.)(;-$)]zI(2k)~ -R'qB[;.zc,(;k)-(&$j~l(;kj]
where z~(s) = e-"l,(x) and zl(s) = e-"1,(.x); I,(x). II(x) are modified Bessel functions of order zero and one respectively.
Equation (24) is the counterpart to the visual amplitude frequency equation.
Note that as k -0. this reduces to the usual one term amplitude frequency equation of [2] . Equation (25) is needed to establish k. however. it has no particular physical interpretation.
Solution of these equations establishes the response of the system.
The logic used in solving equations (24) . (25) is as follows. Equation (24) is a cubic equation in A and has either one or three distinct real roots except for a single point in the frequency spectrum (W = w*) where it has two distinct roots (see Fig. 1 Important information concerning the non-linear behavior and the changing form of the <. 7 response can be deduced directly from k. Figures 4. 5 and 6 are plots of k vs forcing frequency for i = 0.1 and 2 respectively. As ('J increases. k tends asymptotically to the free vibration k values (for the p. 9 parameters chosen) for all /, and B. indicating little change in form at high frequencies. Note. also. that k becomes large for low frequencies indicating the strong effect of the higher harmonics.
Accuracy of the method is considered in two ways. Where exact results exist. as in certain cases of free vibration.
the approximation is identical to the exact results to the fourth significant figure for the entire range considered. 0 < P) < 4.5, p. 0 < i. < 2. Note that the system considered is strongly non-1inear.t results available), comparison of the present approximation is made with the cosine approximation. The square ofthe residual is summed over one cycle. equation (51, for several representative points in the ampiitude frequency spectrum for both approximations and the results presented in the table below. Note that the present approximation is in general two orders of magnitude better. to the Duffing equation I87 Table 1 The physical existence of this solution depends on its stability; which will now be considered in the classical manner: we let
where rl(s) is a small perturbation of the assumed steady-state solution <Jr). Substituting equation (26) into equation
(1) and neglecting higher-order terms of q (7). we obtain the following variational equation for q(r)
Since the coefficient of the IT(T) term is periodic. equation (27) (27) can be put into a standard form. see [6] . by introducing the change of variable r = WT and expanding the periodic coefficient into a Fourier series in the interval 0 < T < 271. i.e.. In the cases under consideration here. the series converges rapidly. and it is sufficient to retain the first four terms. By the use of Floquet's theory and a method similar to Whittaker's method for solving Mathieu's equation. see Ince.
[l3]
higher-order solutions of equation (28) in the first three unstable regions are calculated. These are tabulated in Appendix II of Hayashi, [6] and the results can be used to establish the values of H,, on the first three sets of boundaries separating the regions of bounded and unbounded solutions.
where the numerical superscripts represent the orders of the unstable regions. and the subscripts I and I' stand for their left and right boundaries respectively. In addition we have
. _. . . .
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where this condition does not hold. rCf_" assumes the value O$. Note that there exists two simplified stability analyses for the Hill equation. In the first. higher order terms of 0,, in equation (30) A new type of approximating function has been used to determine the steady-state response and stability of the forced Dufing equation. This function has two important features. It is capable of exhibiting large curvatures and due to the non-linear appearance of the unknown parameter the "form" can change throughout the non-linear range. Thus single term (two parameter) solutions provide very accurate results throughout the non-linear range. In terms of numerical effort. a comparison with the harmonic balance method. for example. indicates that for equivalent accuracy the form function approach requires less effort. This is due to the presence of all higher harmonic components in the form function approximation.
The form function approximation has currently been used in the solution of the above mentioned problem and the large deflection of plates. [ 141 It is felt. however, that there are many mechanics problems for which the method would be useful. namely those in which the dependent variables undergo large and changing curvatures in the non-linear range.
There are several areas of future investigation.
Additional rationale is necessary for narrowing the selection process of the ~3,'s. This is being investigated through the use of asymptotic methods. Also. it should be pointed out that for the current class of problems investigated the location of maximum curvature are known. For many physical problems of interest this is the case. When indeterminate.
however. it is not clear at present how to choose the form function. A possible approach is to consider the position as yet another unknown parameter. The space and time problems mentioned above can also be combined to solve the complete problem of the non-linear vibration of buckled beams,plates. This problem is currently under investigation.
